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Dynamical Constraints in Satellite Photogrammetry

J.N. Blanton* and J.L. Junkinst
University of Virginia, Charlottesville, Va.

The feasibility of including rotational dynamic constraints in the process of satellite photogrammetric
triangulation is demonstrated. An analytical solution and the corresponding analytic expressions for the partial
derivatives with respect to initial conditions are given for the idealized case of the torque-free motion of a rigid
triaxial satellite. The development of a state transition matrix solution for the direction cosines is included. This
state transition matrix allows the satellite principal axes to be tracked relative to any arbitrary inertial reference
frame. It also enables essential uncoupling of the partial derivatives with respect to initial Euler angles from
those with respect to initial angular velocities. Comparative computer results for various sets of dynamic con-

straints are summarized.

Introduction

N the process of satellite photogrammetric triangulation,

the Earth-fixed object space coordinates of various Earth
surface features are deduced from satellite photograph
coordinates of the images of those features. The fundamental
mathematical transformations central to this process are
based solely on the principles of geometric optics and can be
deduced from the grometry shown in Figs. 1 and 2.

These transformations are called the colinarity equations
and can be written'

o=x —f[ Cii( X=X )+Cpp(Y,~Y)+C;3(Z,-Z,) ]
P G, — XD +Cap(Y, = Yo) +C53(2,- Zc)

(1a)

Yp=Yo— Co(Xp = Xe) +Cop(Yp~ Yo) +Cp3(Z,~2.) ]
» Csi (X=X ) +C3p(Y,~- Y )+Cs53(Z,~Z,)

(1b)

Equations (1) project the position of a point located at object
space coordinates (X,, Y,, Z,) into its image plane coor-
dinates (x,, y,) for a camera with principal point offset (x,,
o) and focal length f. The perspective center of the camera is
located at object space coordinates (X, Y., Z.). The image
space (x, ¥, Z) axes are oriented relative to the object space
(X, Y, Z) axes by the direction cosines Cy,, § m=1,3.
Equations (1) can be written functionally as

Xp= F(Xp» Yp: Zp-Xm Yc; Zc’ Q,G,\Il,xo,f) (2a)
Yp= G (Xp’ prZp»Xc, Y.,Z.,%,0,%,50f) . (2b)

where &, O, ¥ are the conventional 1-2-3 rotation sequence
Euler angles parameterizing the direction cosines C,,. If
several points are considered in each of n photographs, Egs.
(1) and (2) can be doubly subscripted to denote the equations
corresponding to the ith point appearing in the jth photograph
as

xpij =F(Xp,-1 Ypi’Zpi’ch, ch: ch:®j1 e]) q’j)xonj‘j) (3a)

ypij = G(Xpi) Ypi;Zp'v;XCj; ch:ch;Qj)ej: \I’jxyoj’.fj) (3b)
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Equations (3) can be segregated into subsets depending on
whether or not the particular point is a control point (i.e. one
for which there exists @ priori knowledge of its object space
coordinates). Other points having distinctly measurable image
plane coordinates in two or more photographs and whose
object space coordinates are unknown and are called pass
points. Depending upon the number of photographs in a strip,
the number of strips with sidelap, the number and distribution
of control points, the number of pass points and the manner
in which they are shared by adjacent photographs, an in-
timidating variety of observations equations of the form (3)
can be defined in practical applications. It is not uncommon
to encounter several thousand such nonlinear equations
containing several hundred unknowns. An obvious com-
putational burden is associated with the least-squares solution
of this class of problems.

In the traditional approach to this problem, the camera
center coordinates (ch., ch, ch) and camera orientation
(®;, ©,, ¥;) for each photograph, as well as the pass-point
coordinates have been treated as independent unknowns. The
introduction of orbital dynamical constraints, conceived by
Brown?? and implemented by Light* and Hartwell,> aliows
the elimination of the 3n (n=number of photograhps) camera
center coordinates in favor of six osculating orbital elements.
The purpose of this paper is to carry the incorporation of
dynamic constraints to its logical conclusion through rigorous
satisfaction of the satellite equations of rotational motion.
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Fig.1 Colinearity of perspective center, image, and object.
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b B constraints is found in the work of Brown,?? Light,* and
P |4 5
2 Hartwell.
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Fig.2 Photographic coordinate system.

This process allows the further reduction of unknowns from
3n orientation angles to six osculating attitude elements or
constants of the rotational motion. The specific mathematical
model chosen here for the incorporation of attitude con-
straints is an analytic solution for the free motion of a general
(triaxial) rigid body. This idealization may prove practical for
some cases, but it is recognized that more complete dynamic
models will be required to realize the ultimate practical
potential of this approach. The osculating attitude elements
chosen are the initial angular velocities and 1-2-3 Euler angles
of the motion.

Orbital Dynamical Constraints
The essence of orbit constrained photogrammetry is the
recognition that the camera exposure stations along a given

strip of n photographs are dynamically constrained according
to

ch=Xc(tj,C1,C2,...,C6) (4a)
ch_-—'YC(tj,C],Cg,...,Cg) j=1,2,...,n, (4b)
ch=Zc(tj,C1,C2,...,C6) (4C)

where Eqs. (4) are functional representations of the solution
of the spacecraft’s translational equations of motion. The six
constants (cy,...,¢s) can be any set of initial conditions or
osculating orbital elements that uniquely define the orbit. The
least-squares solution of the triangulation problem is
modified to include the dynamic constraints as follows:
current estimates of c¢;, c,,...,cs are used in Eqs. (4) to
compute X, Y., Z.. at each photographs exposure time #;.
These resul{ing durrent estimates of camera exposure coor-
dinates are used in Eq. (3) together with the other parameter
estimates
(Xp,-: Ypi’ Zp,-: q’jxej‘yj: xoj: ijt f/)

to determine current computed values of x,, ., v, which are in
turn differenced from the corresponding observed values to
find the current residual vector. The partial derivatives of the
observation equations (3) with respect to the orbital elements,
€}, C3...,Cs (the elements of the A matrix), are determined by
the chain differentiation rule applied to Eq. (3) and (4). For
exampie

ax,,, _OF 2.0
3C, _ach 801

oF 3Y;
Y., dc

oF 9Z,
azcj dc;

The partial derivatives with respect to the other parameters
are identical in form to the corresponding equations for
unconstrained photogrammetric triangulation.

Depending on problem requirements, various specific
forms of Eq. (4) are available and the corresponding partial
derivatives readily obtainable. Further dicsussion of orbital

Attitude Dynamical Constraints

The inclusion of attitude constraints is completely
analogous to orbital constraints. However, analytic solutions
for rotational motion and the corresponding partial
derivatives are considerably more complicated.

The free motion of a triaxial rigid body is governed by
Euler’s equations, which can be written

Lo, = (I, —I3) wyw; (5a)
Loy=(I;—1))w;w; (5b)
Loy=(I;—1L)w;w; (5¢)

where I,, I,, I; are the moments of inertia relative to a mass-
centered principal body axis system, denoted by the mutually
orthogonal unit vectors (f;, p,, P3); w;, w,, w; are {f}
components of the inertial angular velocity of the body and
the overdot denotes differentiation with respect to time.

Equations (5) can be solved analytically in terms of
Jacobian e¢lliptic functions (see Appendix A). This solution
can be summarized functionally as

wi () =wltte I, 1150,(1),w; (t),w; (L) ] (6a)
w (B =y [Lt0, 11, 15,05,0,(ty), w3 (ty) w3 (fp) ] (6b)
O)3(t) =w3 [t,t0,11,12,13,w1 (to),(.t)z(to),l).? (tO) ] (60)

Specification of the attitude history of the motion requires
another integration of kinematic expressions relating angular
velocities to the time rate of change of Euler angles. This
integration (for a general triaxial body) invariably involves an
elliptic integral of the third kind. The usual integrations also
require restrictions on the orientation of the inertial reference
frame, i.e., one of the inertial axes must be aligned with the
angular-momentum vector of the body. This special inertial
reference frame is called the angular momentum frame and is
denoted by unit vectors (&, h,, h;). If the Euler angles (¢,
¢,, ¢3; called solution angles) that locate the principal body
axes relative to the angular momentum frame represent a 1-2-
3 rotation sequence, it is most convenient to choose the
angular momentum frame so that h; is aligned with the
angular momentum vector. The analytical solution for this
situation is given in Appendix B and can be summarized as

&1 (1) =0, (1) +GR{t—1p) — [P (v, w;5) — Py (v, W3) ]

(7a)
. f st
$, () =sin ’(—zﬁ;l—)), —;— =¢,=< % (7b)
g — 1wy (1)
¢3(f) =tan 1(—11;1—“7—), T<¢p;<T (7c)

Use of the angular-momentum reference frame greatly
simplifies the analytic solution of the problem. Un-
fortunately, its introduction complicates the application of
the solution in most practical situations where the motion
relative to some more arbitrary inertial frame is required. If,
for simplicity, the Earth is considered nonrotating in the
current discussion, the direction cosines appearing in Eqs. (1)
are required relative to the inertial reference frame (denoted
by the unit vector triad A;, #,, 7;), in which the object space
coordinates are measured. It would appear to be necessary,
therefore, to determine the relative orientation of {4} and
{7]. This problem can be eliminated and at the same time the
partial derivatives of &;(?),0;(f),¥;(¢) relative to the at-
titude initial conditions can be simplified through the use of a
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simple manipulative device. The three reference frames {p},
{h},and {#A} arerelated as follows

(P} =[C(w,¢,x) 1{A) (8a)
(P} =1(C(¢,.02035) 1} (8b)
(B} =1C(8,,8,,05))(A) (8¢

where w, $,« constitute a set of 1-2-3 Euler angles relating {p)
to {A}; ¢;,¢,,¢; defined as before, and 4,,8,,6; are the three
constant Euler angles relatively orienting the two inertial
frames (8,, 6,, 6; can represent any rotation sequence).
Substitution of the right-hand side of Eq. (8c)for {#} in Eq.
(8b) and comparison of the result with Eq. (8a) indicates that
at any instant

[C(w(t), &(1), x(1))]
= [C(,(1), $,(1), $3(£))1[C(6,,6,,65) ] ©)

This expression can be evaluated at the initial time £, and
solved for [C(6,,0,,6;:)] to find

[C(61,02,0:)1 = [C(8; (1), b2 (16),85 (1)) 1

X [Cle(t),8(16) k(16)) ] (10)
Equation (10) can be combined with Eq. (9) to give
[C(w(1),8(D.x(1))]1=[C($;(1),65(1),05(1))]

X [C(;(8),02(20),93(25)) 17 X [C(w(t6),9(2),x(4))]
an

Explicit dependence on 6,, 6,, 6;in Eq. (11) has been
elminated in favor of the initial conditions on the solution
angles ¢;, ¢, ¢; and on the initial (assumed known or
measurable) relative orientation of {p} and {A). It is no
longer necessary to explicitly specify the relative orientation
of the two inertial frames [if desired, however, this in-
formation is directly obtainable from Eq. (10)]. A most
important theoretical and practical significance of Eq. (11) is
revealed by further consideration. Clearly at time t=¢,, the
matrix product

[C(61(1),02(0),83())1[C(8,(2),02(20),05(£,))17

becomes the identity matrix; furthermore, it can be shown by
direct differentiation that this matrix product is independent
of ¢;(%;) at all times, and consequently has no possible
dependence on w(#,), ¢(tp) or x(ty) [see Eq. (7) and Ap-
pendix B]. It can therefore be concluded that Eq. (11) is in the
form

[C(w (1), ¢(2),k(1)) ] =[R(6,20] [Cw(£),6(t),x(tp))]
(12)

where [2(£,2)) 1 =[C(¢,(£),0,(8),05(H)] [C(d; (1)),
$2(2),0;5(25))] T=the state transition matrix solution for
the direction cosine matrix [C(w,¢,x) ]. All of the important
properties of a state transition matrix form of solution can
now be used to advantage in this problem. Once [®(¢,¢,) ] is
obtained from Egs. (BS), (B10), and (B2), the direction cosine
matrix relating the body axes orientation to an arbitrary
inertial frame at time ¢ can be determined from Eq. (12), given
initial body orientation relative to that frame. Furthermore,
any desired set of Euler angles at time # can be calculated by
inserting the proper elements of the direction cosine matrix.
Finally, since the state transition matrix is independent of
¢, (ty), this initial condition can arbitrarily be chosen as zero.

AJAA JOURNAL

This, in addition to the properties that

A[C(w(),¢(D,x(D)] _
aw(fo),¢(t0):l<(t0)
3[C(w(tp),9(1),x{2))]

d (s, 13
Lt ) 10) 6 (1) ok (10) 13

and

A[C(w(t),0(8),x(1))]
0w (tg), w; (1), w3 (L))

a[e(L19) ]
0w (1) ,0;(ty),w3(ly)

[Clw(t),9(t5),x(25) }]

greatly reduce the effort required in finding the partial
derivatives. See Appendix C for the partial derivatives of the
rotational motion relative to attitude initial conditions.

In order to complete the incorporation of attitude con-
straints, it is necessary to account for the rotation of the Earth
since the direction consines of Eq. (1) are measured relative to
an Earth-fixed frame. If the arbitrary inertial frame {#A} is
assumed to be a geocentric nonrotating frame of a recent
epoch, the transformation.to the Earth fixed (object space)
frame, denoted by {€}, is a simple rotation about the Earth’s
polar axis, i.e.,

{e}=[M(1)](A) a4
where :
cosf sinf 0

[M(t)]= —sinf  cosf O

0 0 1
0=0(t—10) +0Greenwich at 1
f=constant angular rotational rate of the Earth
Combination of Eq. (14) and Eq. (8a) gives ,
(P} =[Clw,¢,0) 1 IM(D)]17(€} (15)

The matrix product in Eq. (15) is identified as thé required
direction cosine matrix relating the imaging space to the
object space, specifically,

[C(2,6,%)]=[C(w,¢,x) 1 [M(£)]T (16)
Since [M(¢) ] does not depend on the initial conditions of the

attitude motion the partial derivatives of [C(®,0,¥)] with
respect to initial conditions are given by

a[C($,0,¥)] d8[C(w,9,x)]
ap; - op;
where

(IM(H]1T, i=1,...,6 (17

pr=wlty), p2=¢(ty), ps=«(ly), ps=w; (1),
Ps=wy(ty), ps=w;3 (L),

and 3[C(w,9,«) ] /dp; are summarized in Eq. (13) and given
explicitly in Appendix C.

Implementation of Dynamically Constrained
Photogrammetry for a Simple Problem
In order to test the feaity of incorporating full dynamic
constraintsts, . an extremely idealized photogrammetry
problem was created and analyzed. A rigid triaxial satellite
(I;=3, I,=2, I;=1) was placed in 100-mile circular polar
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Table 1 A comparison of the effect of dynamical constraints on photogrammetric triangulation

Max. pass-point coordinate Mean pass-point Standard deviation CDC 6400

error after convergence coordinate error of errors central processor
Program (true—converged) (ft) (ft) . (ft) time (sec)
UCPHOTO 205.08 12.24 73.58 5.82
OCPHOTO 93.45 -6.36 37.47 5.66
DCPHOTO —57.88 —1.60 25.54 6.86

orbit over a nonrotating Earth. Two-body translational
motion and torque-free rotational motion were assumed. A
single strip of four photographs, each with approximately
50% overlap was generated. These photographs covered a
ground strip of approximately 100 miles by 250 miles.

Four control points and eight pass points were chosen on
the ground strip and distributed in such a fashion as to give a
total of 60 observation equations. The observation coor-
dinates were truncated to simulate 1 mil measurement
precision. It was further assumed that the camera focal
length, f, the principal point offset (x; y,) and the camera
exposure times were perfectly known. Initial guesses of the
pass-point coordinates and camera center coordinates were
corrupted from their true values by an average of 2 miles.
Initial guesses on camera axes Euler angles were corrupted by
anaverage of 1.5°.

Three separate least-square differential correction
programs were written. All computer runs were made on the
tversity of Virginia CDC 6400 computer. These programs are
summarized as follows.

UCPHOTO (Unconstrained Photogrammetric Triangulation)

All parameters appearing in the observation equations were
treated as independent. The dimensions of the A matrix{ were
60 (observations) X 48 (parameters), where 48 =3 times the
number of pass points plus 3 times the number of camera
center locations plus 3 camera axes Euler angles at each ex-
posure time = 3(8) + 3(4) + 3(4).

OCPHOTO (Orbit Constrained’ Triangulation)

Pass point coordinates, camera orientation at each time and
orbit initial conditions were considered independent. The 4
matrix was dimensioned 60 (observations) x 42 (parameters),
where 42 =3 times the number of pass points plus 6 orbit
initial conditions plus 3 Euler angles for each photograph
3(8)+6+3(4).

DCPOTO (Fully Dynamically Constrained Triangulation)

Pass point coordinates, orbit initial conditions and attitude
initial conditions were considered independent. The
dimensions of the A matrix were 60 (observations) X 36
(parameters) where 36=3 times the number of pass points
plus 6 orbit initial conditions plus 6 attitude initial con-
ditions =3(8) + 6 + 6.

The state transition matrix form of the attitude solution
previously described, the angular velocity solution, the ¢,
¢,,¢3 solution, and the partial derivations given in the ap-
pendices were in DCPHOTO. The solution was verified by
numerical integration and the partials were verified by finite
differences. The essential results of these tests are summarized
in Table 1. For this simple problem the best results were
obtained using full dynamic consnts. Even through the
dimension of the A matrix was reduced from 60x48 to
60 %36, the computer run time was not decreased. This is
because the matrix inversion savings were offset by the
relatively elaborate dynamic model. The matrix calculation,
however, dominate real world triangulation problems.

A=

[ d(measurements) ]

d(unknown parameters)

Consequently, substantial cost reductions may be achieved in
practical applications.

Concluding Remarks

The rotational dynamics model underlying the develop-
ments presented in this paper is based on the assumption that
the motion is governed by the torque-free form of Euler’s
equations. This is in general a restrictive assumption,
although there may be applications for which this model is
adequate. Even in the presence of small torques, an osculating
torque-free solution often provides good results over small
elapsed times. In such situations, a net computational ad-
vantage might be obtained even if the solution has to be
updated (i.e., new initial conditions found) every few
photographs. For other problems, it may be possible to isolate
non-torque-free/rigid-body effects in an Encke type per-
turbation treatment.® The solution and partial derivatives
presented here could then be used as zeroth order ap-
proximations with the departure effects treated essentially
separately. In-depth treatment of the Encke and other per-
turbation methods for more general dynamic models is left
for subsequent investigations.

Due to the relative simplicity of the test problem described
in the preceding section, little can be concluded from the
results summarized in Table 1 except that the application of
full dynamic constraints to photogrammetric triangulation
appears feasible. The separate problem of bookkeeping
associated with large real-life problems has not been ad-
dressed here but would essentially be unchanged by the in-
clusion of dynamic constraints. It is also impossible, at this
point, to make any quantitative statements about a potential
reduction of computer execution time for a large problem.
The various tradeoffs, primarily between more computation
required for the inclusion of dynamic constraints and the
resulting less computation for the solution of the lower
dimensioned least-squares normal equations, would have to
be considered for each problem. The obvious advantages of
the inclusion of dynamic constraints (given an adequate
dynamic model of the motion) are the increased observability
of the system and the numerical benefits ensuing from
reduction in the number of unknowns in the problem. These
advantages are evident even in the small problem discussed
herein. In a very large problem, a solution might not-
otherwise be obtainable. ,

The description of the computer implementation details and
documentation of numerical examples were rather con-
strained in the present paper. The interested reader is referred
to Ref. 9; the computer software can be made available, upon
request.

Appendix A: Summary of the Classical Solution for

the Angular Velocities of a Torque-Free Rigid Body

Given: Principal moments of inertia I;, I,, I;, initial time
¢y, and initial angular velocities w; (¢;), w, (f5), w; (£;).

Find: w; (1), w, (¢), w; (1).

Assume: Principle body axes {p} are ordered such that
IL,=zl,=1,,

Equations of Motion; Euler’s Equations:

% w,w; (Ala)



492 J.N. BLANTON AND J.L. JUNKINS

-, —-I
2= (} L (Alb)
2
L4
Wy = Wyw, (Alc)
13 :

Equations (A1) have two immediate first integrals
corresponding to conservation of kinetic energy and angular
momentum. There are, respectively

2T=1Lw? +L,wf +Lw} (A2)
and
H.H=H2=112w12 +122w22 +I32w32 (A3)

where the angular momentum vector is
H=I1,0,p; +1,0,p, +1;w;P;3 (A4)

It can be seen by taking the inertial derivative of H and using
Euler’s equations, that the direction of H as well as its
magnitude is constant.

Equations (A2) and (A3) can be solved simultaneously for
the squares of any two angular velocity components in terms
of the square of the third and the constants 7,, I,, I;, 2T, and
H?_ The resulting expressions can be used with the squares of
Eqs. (Al) to unc the equations of motion. Equations (Al)
take the form

[&;1?=a, +b,w? +c,0? =123 (A5)
(a;,b;,c; are constants)

Each of Eqgs. (A5) can, via appropriate variable changes, be
brought into one of the following forms

dx \2
(—;)«:(l—xz)(l—k?x’) (A6a)
dx \2
(—CTT—) =(I-x?)(k'?+k’x?) (A6b)
or
dx \2
(?) :(I—XZ)(XZ—k2) ‘ (A6c)

These relationships are the differential equations that define
the Jacobian elliptic functions, sn, cn, and dn, respectively.§
The parameter k is called the modulus and 7 is proportional
to time; k’ is the complimentary modulus and is related to k
by k’?=1—k?. The requirement implicit in Eq. (A6) that
0=<k?=<1 gives rise to a branching in the angular velocity
solution corresponding to whether or not H?> <2I,7. When
the considerable algebra necessary to bring Eq. (AS) into the
form (A6) is completed, consistent with 0<k?<1, the
angular velocity solution can be summarized as follows

W (1) =w2,sn[Q(f—1;), K] (A7)
@i () =wdnlQ(t—1t,),k] }
if H*=z2I,T (A8a)
w3 (1) =wsuen[Q(2—1;), k]
wi () =wmen[Q(t—1t;), k] }
if H<2I,T (A8b)
w3 (f) =w;dn[Q(1-1;) k]

where w;,, are extreme values of w;(i=1,2,3), wim=s;lwn!,
s;j=+1, —1,t0,and

H2—213T Y
loym | = -——————]

A9
Ld-1) 49

§Compare with Handbook of Elliptic Integrals for Engineers and
Scientists, P.F. Byrd and M.D. Friedman.

AIAA JOURNAL
2I,T-H?1»n
1z =[ _I’__] (A10)
13(11_13)
I I [ ZIIT—HZ] %'fH2>21 T All
Wyl = ——— i >
UL, 1) 2 (Alla)
[ H2_213T1 Vl.fH2<2I T (Allb)
=l 777 —5<| 1
12(12—-13) 2
(I,—I;) (2I,T-H?) ]/
k=[ 25 )
U,-1,)(H?-21,T) if H*z2, T -(Al2a)
(11—12)(H2—213T)]V2 .
= fH?
[ (L= @ T-Hah | T <LT (A12b)
I-L)(H?-2 %
Q=[( 1= 1) ( I]T)] it H? 22T (Al3a)
1,115
L-I;) 2L, TTV)] %
I, 1,1

and 7, =initial ‘‘phase’’ time.

It remains necessary to uniquely specify the sign s;
associated with the w;,, and to specify the phase time ¢,. Since
w, (1) is proportional to the sn function in both branches of
the motion, Eq. (A7) can be evaluated at time 7, and inverted
to find

1 t
t=t,— B—sn"[——w;( 0)] (Al14)
2m

where .
sn- ][ W) (tO)

Wom

] =F(0,k) (A15)

F(8,k) =incomplete elliptic integral of the first kind

0=sin - 1[2’&] (A16)
. Wom

The use of the arcsin in Eq. (A16), however, introduces the
possibility of quadrant difficulties in the determination of
and consequently #,. This problem is coupled with the choice
of s; since w,,, =S5, lw,, 1. If the decision process indicated in
Table A1l is used to determine s;, the phase angle ¢ is bounded
by xw/2 and can conseqently be uniquely determined by Eq.
(A16). This specification of s; is also universal; that is, it gives

‘the proper results in both branches and for all limiting cases

of the motion (pure spin, body symmetry, and the branch
transition).

Table Al was deduced by assuming —7/2<6=<=/2 and
imposing simultaneous consistency between Euler’s equations

Table A1 Decision process

Initial conditions Signs of w;,

w; (tg) #0 s =sign (w;(Z))
w;y(2p) #0 or wy(1y) =0 sy =sign{w; (#))
w3(t0);é0 Sp=—58,;53

wy(ty) =0 s3=sign(uf3(to))

wy (tp) #0 §;= —s3 sign(w, (£p))
w3¢0 Sp= —8;53

w; (tp) #0 sy =sign{w; (1))
wz(tg)¢0 $3=58; (wz(to))

w3 (tp) =0 §3= —5;53

Pure spin about either s;=sign (w;(#p))
principal axis p; s;=5,=0; j,k=123

Jok#i
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evaluated at ¢, and the derivatives with respect to 7 of the
elliptic functions evaluated at ¢,, for all possible sign com-
binations of initial conditions.

Appendix B: Summary of the Solution for 1-2-3 Euler

Angles Orienting Principle Body Axes to an Angular

Momentum Reference Frame for the Free Motion of a
General Rigid Body

Given: The principle inertias of the body I,, I,, I;, initial
time ¢,, initial angular velocities w;(#)), w,(4), w3 (%),
initial value of ¢,, the first Euler angle, and the angular
velocity solution of Appendix A.

Find: ¢,(t), ¢,(t), ¢3(t), the 1-2-3 Euler angles as
functions of time.

Consider the body mass centered principle axes {#} and the
angular momentum inertial frames {h}, chosen so that
h,= (H/H) (Fig. 3) N

The unit vector triads { p} and { h} are related by

PN
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The kinematic retationship
[Cl=[al7[C]

where

[&

can be used with Eqgs. (B7), (BS), and (B2) to give

Lo +Lw?
1120)[2 +1220)22

¢, =H (B8)

Equation (B8) is purely kinematic in nature. Dynamics are
introduced through the angular velocity solution of Appendix

J o) h, A. After making these substitutions, changing the in-
. dependent variable from ¢ to 7, and considerable algebra, Eq.
B =[C] h; (B1) (B8) can ultimately be brought to the form
Ps hs d¢, H H(I,—I;) 1 )
where [C] is the direction cosine matrix parameterized by ¢, dr  I;Q LI;Q  1+afsn?(r,k)
¢2, ¢3 as .
Co,Ch; Co;S¢;+856,56,Co; S6,Sb3— Ch;Sp,Cos
Cri Cr2 Cp3
!i Cy €22 €23 ] = | —Ce,S¢; Co;Co;—Sp;S¢,S¢; S¢;C;+Coh;St,Sh; (B2)
C3; €32 C3;
S¢, —8¢,C¢; Co,Co;
where S¢; =sin(¢;), C¢;=cos(¢;), i=1,2,3. The angular where
momentum vector with components taken in the two 5
i L;2I, T-H
reference frames is ai= 13((H21 = T) , H’=2I,T
H=Hh,=1,0,p;+Lw:p,+;0:p; (B3) ! 3T
I; (I, ~1,)
Combination of (B1) and (B3) gives the three component = —I,(—I:_—_Ij)_ , H?<2I,T

equations

Iw; =H cos¢,cosd; (B4a)
Lw,=H(—cos¢,sing;) (B4b)
13(.03 =Hsin¢2 (B4C)

which can be inverted to find

Lw T T
iy 12393 _ T < BS
p=sini—rs, 5 $¢g— 5 (B3a)
-1
¢3=tan“’< [:%), —T=d; =T (B5b)
19

Thus, two of the Euler angles (¢,and ¢;) can be determined
directly from the angular velocity solution. The differential
equation for the remaining angle ¢, can be found by ob-
serving from Eq. (B2) that

¢1=tan”(—6‘32/6‘33) (B6)

Differentiation with respect to time gives

. C3pC33 —C33C35
b= (B7)
€52 +C5

The integration of Eq. (B9) involves an elliptic integral of the
third kind, arising from the second term on the right-hand
side of the equation, and can be written in terms of theta
functions asq

G (1) = (L) +GsQ (=) — [P (v, w;3) — B, (v, W3) ]

(B10)
where
H m 0,(iw;) .
Gy=-—— —i————, i=v-1I Bl11
Tha T 2k 00wy ! (B1D)
K =the complete elliptic integral of the first kind
Sw/z de Bl
“Jo VI—k%sin?f ®12)
. 4Y (=1)"g"’ sinh2nw,
if4(lW3)‘= n=1 B13)
6,(iwsz)

1+2Y, (—=1)"g" cosh2nw,

n=1

9This solution is taken from unpublished notes by Dr. H. S.
Morton, Jr., Department of Engineering Science and Systems,
University of Virginia. It has been verified by direct differentiation
and by numerical integration.
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o
1>
o

10>
(7]

SN——y

#3

Fig.3 1-2-3 Euler angle sequence.

10>

N

1

[

g=Jacobi’s nome=¢ ~ "K'/ ‘ (B14)

, /2 de
-| oNT—K *sin’0 ®13)

T
wy= s Frk’) (B16)

F(v,k’) =incomplete elliptical integral of the first kind

el dé
=\ — B17
Sox/]—k’zsinze B17)
; L;(I,-1,) 1»
'y=sm‘1|:_] , H?=z2I,T B18
L -1 : B18)
. 13(21,T-H2)]]'/z
—qin —! 2
si [ HU, -1, , H<<2I,T
1 0, (v+iw;)
B, (U, W;) = — b
¢ (0. Ws) 2" 0, (v—iw;)
o 1 n
=2nZ=;] " 1—qq2” sin2av sinh 2nw; (B19)
v=(w/2K)71 (B20)
vo=(w/2K) 7, B21)

and Q, k, k', 7, 7, are defined as in Appendix A4. It should
be noted that the fundamental definition of the theta func-
tion, 8, is

0, (u,q)=1+2 E (=1 "q"zcos 2nu

n=1

While this solution appears quite intricate, it is very ef-
ficient once implemented. Rapidly converging arithmetic-
geometric mean algorithms’ can be used to compute K, K’,
and F(v,k’). The infinite series of Egs. (B13) and (B19)
involve Jacobi’s nome, g, which is typically small compared
to unity (g approaches unity very slowly as the motion ap-
proaches the branch transition). Consequently, Egs. (B13)
and (B19) rarely require more than four or five terms for
accurate convergence. Finally, many of the expressions [Eqs.
(B11-B19), (B21) and &, (v,, w,) lare constants for a given
solution and consequently need only be computed once.
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Appendix C: The Partial Derivatives of the Rotational
Motion of a General Rigid Body with Respect to Initial
Conditions

Given: 1, =1, 215,0; (1), w,(15),w3(tp), w(ty),d(1p),
k(ty), tg, the angular velocity solution of Appendix A, the ¢,
¢2, ¢; solution (1-2-3) Euler angles relating the principal body
frame {p} to the angular momentum frame {4} of Appendix
B, and the state transition matrix solution (see text) for

[C(w(t),d(5), k(D)) ].
Find:

A[C(w(t),d(8),x(1))]
dw(ty),0(15),x(tp),w; (L), (2),ws (1))

Assume: All subsequent direction cosine matrices are
rectified in terms of 1-2-3 Euler angles, and ¢; (£;) =0 [see
text below Eq. (1)].

Solution Summary:

Angular velocities;
w; (1) =0 dn(rk) if H* 22I,T ; (Cla)
W, (t) =w;en(nk) if H2>2I,T (C1b)
wy (1) =wsmsn(7,k) (Clo)
w3 (£) =wyuen(nk) if H*=2I,T (C1d)
w; (1) =w;dn(r,k) if H?>2I,T (Cle}
T=Q(t—1;) . (C1f)
Solution angles;
(D) =GQ(1—1t5) =[P4 (v, w3} — 24 (Vg w3) ] (C2a)
¢, (1) =sin~/ [L;w;(2) /H] (C2b)
é3(t) =tan~'[ —Lw, () /1w, (1) ] (C20)
and

[Clw(t). ¢(). k(1)) ] = [2(51)) ] [Clw(ty), 0 (29),x(tp))]
(C3)
where

[®(1,15)1=1C(¢,(1),0,(6),05(1)]
X [C(0,¢,(ty), d3(ts))17 (C4

For notational compactness the following abbreviations are
made

[C] =[C(w(0),0(£),k(1))]

[C(t)] = [Clw (), (L) k(1)) ]
[C(e)] =[C(¢:(1).02(1),¢5(1)) ]
([C(o(1)) 1T =[C(0,62(46),95(2))17

snr - =sn(7,k)
cnt =cn(r,k)
dnr =dn(7,k)
w; SWwy,Wwy, w3
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The partials of Eq. (C3) with respect to the initial Euler angles
can be obtained immediately

a[C] a[C(t)]

= 1t - C5
dw(ty),d(t),x(lo) [#(hr0) ] x dw (), (29),x(tp) €
where
0 -C; Cp
a[C(1)] _ _
m = 0 —-Cy;3 Cp (Cé6a)
0 —Cs Cy, =ty
—S¢Cx  SwC¢Cx —CwCo¢Ck
a[C(2)] '
_—_ = S - C6b
39 (o) bSk SwCe¢Sk CwCo¢Sk (Céb)
Cé SwS¢ —CwS¢ t=t,

(S and C denote sine and cosine, respectively)

Cy Ca Cy

MCW) _ | _c _¢, -c,
A (ty) (C6¢)
0 0 0 t=t,

Since the dynamics enter through the angular velocity
solution, the partials of Eq. (C3) with respect to the initial
angular velocities are considerably more involved.
Development of these derivatives can be outlined as follows.
From Eq. (C3) ‘

I[C] _3l2(nty)]

banlle) Bty CU0) “n
where from Eq. (C4),
ale(nt)] _ AC(o(t)17
dw; (1) =[e@] dw; (tg)
a[C(¢)] T
+————-———-—aw‘_(t0) [C(é(8))] , (CS?

The constant parts of Eq. (C8) can be determined using the
solution angles [Egs. (C2), and Appendix B] evaluated at
time ¢y,

(1) =0

b, (2,) =sin ' [Lw;(1y) /H]

&3 (tp) =tan~'[ —Lw,(tp) /1,0, (p) ]

implies
sing, (#) =0, cos¢;(ty) =1
sing,(ty) =Hy;/H, cos¢,(ty) =H;,/H

sing; (ty) = —Hyy/H,p,  cosd;(ty) =Hyp)/H);

where
Hy,=ILiwi(t,)
Hp=(H},+H}) "

i=1,2,3
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It is now possible to write [C($(#,))]7 in terms of the initial
angular velocities and inertias as

[C(e(1))]1 7=
H,,/H H,,/H H,;/H
—Hy,/H, Hy,/H;, 0 (C9)
—HyHy;/HH,;  —HyHyps/HH),  Hpp/H

The derivatives of this matrix with respect to the initial
angular velocities can be found directly. After considerable
straightforward manipulation these partials can be written
(etting C],, denote the elements of [C(¢(#5))]17)as

acT, I
Bw“ = H—’3 (H?, +H;) C10a)
1
T I
aai” =——LH,H, (C10b)
1
acT, I
__aw” = _g’; H, Hy; (C10c)
7
o0Ch _ L H ciod
e, HL, H, H,, ( )
9% _ L/ (C10e)
aw, _H;Z bl
T
Cx _yp (C10f)
0w,

aCy, _  IHy,

20, —m [-H’H% +H}, (H? +HYy)] (C10g)
oCl, I,Hy, Hy,H,;
= H?+H? C1i0h
2, HHI, ( 72 ( )
aCl; I,H, Hi; i
o T HH, i
aCT, I
—a—;’!—l— =—H_23Hb1Hb2 (Clla)
2
ach I
o = g7 (Hor +Hos) (C11b)
2
T I .
3360‘)13 - E%Hszba (Clle)
2
T I
aaco;z] =—1723"Hi1 (Cl1d)
2 12
acy I
awzz - — I_’i%:’HbIHM (Clie)
T
% =0 (Cl1f)
2
T H,Hp,H
ot LB (12 v 1) (Cllg)
2 12
T I,H
O o - U HHL-H(H? +HD) (i)
2 12
aCl; _IHyHi; (C11i)
dw, HH,,
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T

aaf,” =— }%H,,,H,ﬁ Cl2a)
3

acT, I,

E - ——3H b2t p3 (C12b)
3

acl, I

=-—2_H? Cl2c

8033 Hj 12 ( )
T T T

acy, _och _och _, (C12d)

6w3 6w3 80.)3

act, I,

aw = _—_3HblH12 (ClZe)
3

acr. I (C12

aw32 =- }-I% HyH, D
3

acT. 1

Wﬁ =— H—33Hb3H12 (C12g)
3

The remaining derivatives in Eq. (C8), i.e., the partials of the
direction cosine matrix of solution angles at time ¢ with

respect to initial angular velocities, can be found from the

chain rule,

[C(9)] _ a[C(9)] 3o, (D) a[C(¢)] 039,(8)

dw;(1y) a¢; (1) dw; () a9, (1) dw; (¢
a[C(d)]  dd;(2)

C13

a; (1) dw; (1) (C13)

where the partial derivatives of [C(¢)] with respect to ¢, (¢),
¢, (), and ¢;(¢) are identical in form to Egs. (C6) with
@, (1), 6, (t), ¢ (¢) substituted for w(fy), ¢ (¢), and «(¢;),
respectively. In order to evaluate Eq. (C13) it remains
necessary to find the derivatives of the solution angles with
respect to the initial rates. Since ¢, (¢) and ¢; (¢) are deter-
mined solely by the angular velocitity solution, the partials of
these angles will be considered first.

80 =sin =/ [ 2220 ]
Ao, (1) _ I; [H dw; (1) — w3 (1) aH ]
du; (1) H?cosd, (1) L dw(t,) " dw;(ty)
(C14)
where
oH ]izwi(t()) .
= - Cl15
Bor (1) 7 i=123 (C15)
_ —7 ‘-IZwZ(t)
é; (1) =tan [__Ilon(t) ] (Cl16a)
a3 (1) _ 1,1,
dw; (2p) IPw? () +1F0f (1))
dw; (2) dw, (1)
x w2 0 T it | «en

Before considering the derivatives of ¢, (¢) it is convenient at
this point to turn to the angular velocity solution of Appendix
A and develop the partial derivatives of the angular velocities
at time ¢ with respect to the initial angular velocities. Dif-
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ferentiation of Egs. (C1) gives
dw; (1) 0w, adnr .
= dnr+w,;,—— if H*22I,T
dw; (£5) dw; (1y) ! dw; (25) ?
im _ oy 0N it H2<OLT
=——cnr+w;, ———
dw; (1) "™ dw; (19) :
(C17)
dw, (1) 0wy, asnt
= + — C18
dwi(ty)  dwilty) " B (7y) €18)
dw;3 (1) 0wy, dent | ..o
_ + if H?221,T
dw; (1) dw; (#y) AT Cam dw; (1) :

T

+ dn
dw; (1) dw; (1)

if H'<2I, T  (C19)

where
oH oT

H -1
doim _ duwilto) 7 dwilly)

—s : (C20)
duilte) ' (I (I,—I;) (H*=2I,T) 1%
aT H
3 Igertsy 13 a(t)
i w; .
m_ g, 10 S ifH?<2,T
dw; (1p) (LI, —1,) (2, T-H?)1"
T
g OH 1 F)
dw; (Ty) dw; (tp) ©21)
=S
2L (L —1) (H=2I,T) ] *
aT oH
I, —H
w3, - dw; (o) dw; (1) €22)
dwilte)  (I(I,~I;) (2, T-H?)]"
where
oT
—=I’v i(t C23
awi(tg w(O) ( )
asnt _asnr a7 asnt ok 24
dwi(ty) 31 Bwi(ty) ok dw;(ty) €24
dcnrt _acnr ar dent 0k C25
dwg(ty) 87 Bwi(ty) 3k dw;(ty) €25
ddnr__ddnr o1 bdnr 3k 26
aw,'(to) B ar aw,(to) ok aw,'(to) ( )
O ety B O C27
(0~ T Gt T (i) €27
where 7, =Q (£, —1,).
If H? = 21,T,
ok _[ (2 —15) ]’/?
dw; (1) (I, =I;) (21, T-H?) (H?-2I,T)?
oT oH
x| (H? =2I,T)y (I -H
[( D ) dw; (15) )
: oH oT
- @I, T-H?)(H -1 ]
@ TR PNTAR, (C28a)
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IfH?<2I,T
ok __[ (I -1) ]'/’
dw (ty) L (I;—I;) (H? =2I,T) (2, T-H?)*
x[(ZI T—H?)(H o0H -1 or )
! dw; (1) ’ dw; (1)
. aT oH
—(H?-2I,T) (I -H ] C28b
¢ D dw; (1) dw; (1) ) ¢ )
If H?=2L,T, ‘
) _[H 0H _ _oT ][ (, -1,) ]/
dw; (1) - dw; (£9) ’ dw; (1) I, (H? =2L;T) V
. (C29a)
If H? <2I,T,

90 [ - T __ oH (L-1) "
3w; (19) —[1’ dw; (1) Haw,.(t,,) ] [1,1213 (21,T—H2)]
(C29b)

ary _OF(B,k) 36 F(0,k)  ak
dw; (p) 30 dw; (1) k  dw; (1,)

(C30)

where 8 =sin "7 [w, (£5) /@ ]

a0 — 1 [L 3w, (fp)  wy(fy) By, ] (C31)
0w; (1)) cosB Lwy, 8w (ty) Wi, Bw;(ty)

OF(6,k) 1 c32

30  (I—k2sin20)” (€32)

AF (6,k) =E((),k) -k'’F(8,k) _ ksinfcosf (C33)

ak kk'? T k2 (1—-k?sin?6) %

where E(6,k) =incomplete elliptic integral of the second
kind=

8

E(0,k) ES NT=Ksin? 4,

a
and 2~ cnrdnr (C34)
ar
9
9T _ snrdnr (C35)
ar
ad |
7 = —k?snrent (C36)
ar
Qﬂ— dnrent [ —E(7) +k’ 27 +k2snrenr/dnr) (C37)
Fy? = kk'2 T T TCNT, T
d d
T ST\ E(r) —k’ 27— k?snrent/dnr] (C38)

Tk kk'?

ad, k.
BZT =%}T§ﬂ [E(r) =k’ 27 —dnrsnt/cnt] (C39)

where E(7) =incomplete elliptic integral of the second kind.

E(7) ESO dn’rdr
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Equations (C17) through (C39) provide the partial
derivatives of the angular velocity solution which are required
in Egs. (C14) and (C16). Attention can now be returned to the
first solution angle, ¢,. Differentiation of the first of Egs.
(C2) gives

d¢;(t) 3G, _ _39___
Bur(te)  dwnttg) TUTI) GGy
aq),;(U,W_g) a®4(vo,w_q)
daite) | da(te) (C40)

(Refer to Appendix B for definitions of symbols.)

3G, 1 [ oH a0 ]
= Q -H
dw;i(ty) 1,07 L dw;(ty) dw; (1)

x . 05(iws) 9K \ T 0 [ o;(iw;)]

2K7' 0,(iws)  dw;(ty) _2—I_<awi(to) ! 64 (iws)
(C41)

0H/dw;(ty)) and d9Q/dw;(ty) are given by Eqgs. (C15) and
(C29), respectively.

K 9K 3k E-k'’K 8k (42
dwi(ty) 0k  dwi(ty)  kk'?  dw,(ty) )
F) [i 0 (iw;) ]—i[i 0, (iws) ] ow,
dw; (4y) 0, (iws) aw; 0, (iw;) J 0w, (£)
a[. 8; (iw;) ] dq
+— i — C43
dq 0, (iwz) 1 dw; (1y) ( )

The partials of [i(0; (iw;)/8,(iw;))] with respect to w; and
g can be determined from term-by-term differentiation of the
infinite series (B13):

K2 [i 07 (iws) ]=S1sz“533 (C44)
w; b, (iws) Ay
where
S, =142, (~1)"g"’ cosh 2nw, (C45)
n=1
S,=8Y, (—1)"n?g"’ cosh 2nw, (C46)
n=1
S;=4), (—1)"ng"’ sinh 2nw, (€a7)
n=1
and
0 [ 0; (iws) ]_SIS4—5'3$5
aq '8, awyy 177 57 (C48)
where
S,=4Y, (=1)"n’q"’~'sinh 2nw, (C49)
n=]
Ss=2 E (—1)"n2q"2"cosh 2nw, (C50)
n=1
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aw; _T {OF('y,k’) vy
dw; (tp) 2K v Aw; (1y)

+[6F(‘y,k’) F(‘y,k)aK] ok }

ok K ok ae ) €5
AF (v,k") 1
= 52
dy \/1——k'zsin2'y €52
IF(v.k') _OF(y,k') ok’
ok a3k (©53)
F(v.k') _E(v.k') —k*F(y,k’) k' sinycosy
k' k'k? k21 -k’ ?sin2y
(C54)
ok’ k ‘
w __K Cs
ak k' ©33)
37 . 1[13 Vi
—Y _—0if H?=2I,T =[ ]
do (1) T, @I, T—H?) (H? —2I,T)
[ aT 2T O3H ] ose
dw; (ty) H dw;(t)) ©36)
if H?<2I,T.
a a ok 2
9 4 -9 ok (C57)
dwi(t,) 0k dw;i(ty)  2kk'2K? dw,(f,)
0%, (v,w3) _ 0%, (v,w;) v 0%, (v,w;)  Ow;
3w; (1) W ow () dw, 8w, (f,)
0%, (v,w;) aq
+
aq dw; (Ly) (€38)

dw;/0w; (1,) and dq/dw; (t,) given by Egs. (C51) and (C57),
respectively.

aw T [K ar K ] C59
7 = -7
dar(te) 2K L dw i) Tawmyd
d7/8w; (1y) and 3K/dw; (¢,) given by Eqgs. (C27) and (C42),
respectively.

The partials of ¢, with respect to v, w;, and g are found by
differentiating the infinite series Eq. (B19)

ad,(v,w S
"( D _ E 57 €0s2nv sinh2nw;  (C60)

3%, (v,w
4( 2) E 77 sin2nvcosh2nw; (Cé1)
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and

©

3%, (v,ws) _ E g ' (1+¢°")

a (-q 2") >— sin2nuvsinhi2nw;  (C62)
n=1

0%, (vy,w;3)/0w;(2,) is determined by expressions identical in
form to Egs. (C58) -(C62) with v, and 7, substituted for v and
7. This completes the equations necessary to calculate the
partial derivatives of the direction cosine matrix with respect
to initial conditions of the rotational motion.

This is indeed an intimidating collection of equations.
However, as was the case with the solution itself, many of
these partial derivatives are constant and need to be computed
only once for a given motion solution. Most of the more
intricate expressions fall into this category, e.g.

AC(e(tp) 1T dG;
dw; (1) dw; (1)’

0%, (vg,w;3)
dw; (1y)

Many other terms are obtainable directly from the motion
solution. The elliptic integrals can be efficiently computed
using arithmetic-geometric mean algorithms and the series,
S:. S,,...,S5, generally converge rapidly due to the presence
of Jacobi’s nome, q. Finally, this form of solution and partial
derivatives can be easily modified to allow any rotational
sequence of Euler angles to be chosen as initial conditions
[Eq. C6)] are changed to the appropriate form and all other
equations remain unchanged). Reference 9 provides complete
documentation of the computer 1mplementat10n of the above
formulation.
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